
AIAA JOURNAL
Vol. 33, No. 10, October 1995

Matrix Dissipation for Central Difference
Schemes with Combustion

P. Gerlinger,* J. Algermissen^ and D. Bruggemann1^
University of Stuttgart, 70550 Stuttgart, Germany

The effect of artificial viscosity is investigated for problems related to supersonic combustion. An implicit lower-
upper symmetric Gauss-Seidel finite volume method is employed for solving the full, compressible, two-dimensional
averaged Navier-Stokes and species transport equations. For the right-hand side discretization central differences
are used. Therefore some kind of artificial viscosity is necessary to reduce oscillations near shock waves and to enable
convergence to machine accuracy. In comparison to the standard second- and fourth-order scalar dissipation a
matrix dissipation reduces the amount of artificial viscosity by scaling each equation individually. For the necessary
absolute flux Jacobian matrix a new decomposition is presented keeping the additional cost moderate. With
an appropriate sensor the scheme also gets total variation diminishing properties. Calculations using different
dissipation models are presented and advantages using a matrix dissipation are shown.

Introduction

C ENTRAL difference schemes are often applied to solve
the Euler or Navier-Stokes equations.1 This is done even

for hypersonic flows in conjunction with multigrid acceleration
techniques.2"4 In these cases the added artificial viscosity plays
an important role in stabilizing the numerical scheme to reach
a steady state. A matrix dissipation allows the reduction of the
amount of added artificial viscosity. This feature is also impor-
tant for damping the turbulence transport equations, especially if
a low-Reynolds-number model is used. The strong gradients in the
near-wall regions often cause large values of artificial viscosity that
can contaminate the physical dissipation. However, the matrix dis-
sipation process is normally paid by a strong increase in opera-
tion counts. Especially for cases including combustion with typi-
cally a large number of different species conservation equations,
an efficient and economic way to perform the dissipation process
is crucial.

Governing Equations and Numerical Scheme
The two-dimensional, averaged Navier-Stokes and species trans-

port equations for a chemically reacting gas of Nk different species
are given by
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for k = 1, 2 , . . . , Nk — 1. In this set of equations the physical vari-
ables are the density p, the velocity components u and v in the jc
and y directions, the pressure p, the temperature T', the total spe-
cific energy E, and the species mass fractions Yk. The diffusion
velocities are uk and vk, and the source term for species k due
to chemical reactions is Wk. The governing equations are closed
by a two-equation q-a> low-Reynolds-number turbulence model.5'6
The combustion process in chemical nonequilibrium is modeled by
a 9-species, 20-step finite rate chemistry model7 and is implicitly
coupled with the fluid motion.

For solving the governing equations as well as the turbulence
transport equations (in a decoupled way) an implicit lower-upper
symmetric Gauss-Seidel (LU-SGS) method is used.1'8 If source
terms exist, there are different possibilities of approximate factor-
ization that result in LU schemes. In this paper the factorization
of Shuen9 is used. The low-Reynolds-number turbulence closure
needs very fine grids in the near-wall regions, making it advanta-
geous to include viscous Jacobians in the implicit operator. This is
done in a simplified form, based on the thin-layer Navier-Stokes
equations.9 The LU scheme results in block diagonal operators and
is fully vectorizable also in the implicit part.

Artificial Viscosity
Because central differences are used for the spatial derivatives

of the right-hand side (RHS), it is necessary to add some kind of
artificial viscosity. Near shock waves second differences are added
to avoid spurious oscillations, whereas fourth-order differences are
added in the smooth regions of the flowfield to suppress "odd-
even oscillations" and enable convergence to a steady state. The
added artificial dissipation may be expressed in curvilinear f and 77
coordinates by

where D2 and D4 are spatial difference operators

(6)

(7)
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and V^ and
respectively,

are backward and forward difference operators,

~ Qu
= Qu (8)

If in Eq. (7) the spectral radius p (A/+1/2)y) instead of the absolute flux
Jacobian |A|/+i/2,7- is used, we get the standard scalar second- and
fourth-order dissipation model that was first introduced by Jame-
son et al.10 This model is called scalar because every equation is
scaled with the same value. If |A |/+1/2,7 *s usec^we obtain the matrix
dissipation introduced by Turkel,11 Turkel and Vatsa,13 and Swan-
son and Turkel.2 Now each equation is scaled by an individual value
reducing the amount of added artificial viscosity. The coefficients
e(2) and e(4), which depend on the pressure gradient parameter v, are
used to locate shock waves within the flowfield and are defined as

. = K(Z) max(vu,

(9)

(10)

Swanson and Turkel2 could show for a scalar equation that with
a constant value of /c(2) = 0.5 the scheme is first-order upwind
near shocks. The remaining free parameter is K(4\ which is respon-
sible for the amount of artificial dissipation in the smooth flow
regions. The fourth-order dissipation is cut off in the vicinity of
shock waves for v/+1/2,7 — 1/2- For x — 1 the original switch is
obtained,10 which is not total variation diminishing (TVD), whereas
for x ^ 0 the scheme satisfies the TVD property2 but is in general
too dissipative for the use over a wide range of flow problems. How-
ever, with x there is now the possibility to blend over between both
switches. An optimal value depends upon the strength of the shocks
to be resolved. For computing transonic flows Turkel11 used x ™ 0,
whereas for hypersonic flows Vatsa et al.3 used x — 0.5.

The matrix |A|/+i/2,7 has to be formed at the cell interface, which
is done by a simple averaging of the solution vector Q instead of a
Roe averaging.11 The absolute flux Jacobian |A|/+1/2j is defined by

A = TAT~l

\A\ = (12)

where the diagonal matrix A contains the three different eigenvalues
of A as elements

A = diag[Xi, A.2, A,3, X 3 , . . . , (13)

and the columns of the transformation matrix T are the right eigen-
vectors of A. For curvilinear coordinates the metrics of the concerned
cell interface are included in the eigenvalues

X] = (un + a) As
= (un — a) As

c = ̂ -1 As

X3 = un As

un = c\u + c2v
Ax

2 = ~~A7

(14)

where a is the speed of sound, As is the cell interface length, and
AJC and Ay are the parts of this length in x and y directions. These
differences have to be calculated for every cell in counterclock-
wise fashion. For a multicomponent gas with combustion the pres-
sure derivatives with respect to the variable vector Q are needed
to form the Jacobian A. Because only Nk — 1 different species are
independent variables, we get for the pressure as a function of the
variable vector Q

M N
(15)

where Mk is the molecular weight of species k and Rm is the
universal gas constant. Using the specific internal energy e =
E-\/2(u2+v2)-k where the turbulent kinetic energy k is included,
the necessary pressure derivatives may be formed by chain rule.13

For all following derivatives the remaining conservative variables
are treated as constant:

_
dp Me,

-E + u2 + v2 Yk(ek-<

dp
Mcvd(pu)

dp = Km
d(pE) Mcv

(16)
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The calculation of the absolute Jacobian |A| and the subsequent
matrix vector multiplications of Eq. (7) would strongly increase the
computational cost for the matrix dissipation. Turkel11 presented for
airflow a decomposition of the absolute Jacobian that simplifies this
procedure. For the more complicated absolute Jacobian of a chem-
ical nonequilibrium gas we could also find such a decomposition:

(20)|A|= |

The matrix |A | is expressed now in a manner in which the matrices
AI, A3, and A4 are formed in such a way that each lower row of
these matrices is a scalar times the first row. Therefore they may be
expressed by the following products of vectors:

Al=R\R2 A4 = R5 /?6

where

K=\*-a
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and matrix A2 is given in Eq. (28)
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where

[3p/3(pE)] f^{

ap r* (29)

Because A2 is a sparse matrix, the lack of a decomposition is not a
serious problem. Treating the term F\ separately, the 3 • 3 submatrix
(formed by the rows 2-4 and the columns 1-3) again reveals the
favorable property that the lower rows are proportional to the first
row. The remaining part of row 4 is the same part of row 1 in A\
times a scalar. Instead of calculating |A/+i/2,y I and multiplying with
a vector, we directly multiply row and column vectors by taking
advantage of the special form of |A| in Eq. (20). This procedure
for the first row and the scalar multiplications for all others is very
efficient, especially for chemically reacting flows with numerous
species conservation equations.

In practice we have to avoid individual eigenvalues approaching
zero because this would result in zero artificial viscosity and could
cause numerical instabilities or nonphysical solutions. Therefore
limited eigenvalues X/ are used in Eq. (20) instead of the true ones:

| = diag[|X/|] = di (30)

With tj = 1 we obtain a scalar dissipation. In our calculations
tj — 0.2 is used for both linear and nonlinear eigenvalues. The choice
of these limiters will also affect the occurence of spurious oscilla-
tions and the shock resolution.12 It is also possible and sometimes
advantageous14 to use different values for the linear and nonlinear
eigenvalues or for the different coordinate directions (streamwise or
normal to solid walls).

If low-Reynolds-number turbulence models are employed, the
near-wall regions have to be resolved very accurately, resulting in
highly stretched grids. In these regions an isotropic scaling can pro-
duce too much numerical dissipation.15 Therefore the limited eigen-
values are modified by

(31)

to produce an anisotropic dissipation2'15'16 where a is usually taken
to be 1/2.

In some cases17 we found it advantageous to use a further mod-
ification if a low-Reynolds-number turbulence model is employed.
In the near-wall regions there may be very strong gradients in some
flow variables. In this case the second- and fourth-order deriva-
tives can be quite large, leading often to large, nonphysical values
of artificial viscosity.14 To reduce the ratio between numerical and
physical smoothing Eq. (31) may be additionally multiplied with
tc = -vA"2 + f2)/uj ref, because in low-speed regions the natural dis-
sipation is already sufficient to stabilize the numerical scheme. Kunz
and Lakshminarayana16 used r2 as a multiplicator, but in combina-
tion with the matrix dissipation this led in some cases to numerical
instabilities.

The dissipation for the turbulence transport equations is treated
in the same manner as for the mean flow equations. If the turbu-
lence transport equations are solved in a decoupled way from the
fluid motion, only diagonal Jacobians are obtained and no matrix
decomposition is necessary. If the turbulence model is treated fully
coupled, the decomposition of Eq. (20) can be used. Because the
pressure is independent of q and &>, the pressure derivatives with

respect to these turbulent variables are zero. Thus only two ad-
ditional lines and columns have to be added within the matrices
Ai-A4. These lines are identical to those of the species conservation
equations if F/ is replaced by q or to.

Results and Discussion
We consider two channel flow problems with premixed and non-

premixed supersonic combustion. The main purpose of this paper
is to investigate the influence of the described kinds of artificial
dissipation. This is done in the first test case. The second one is a
comparison with the experiment of Burrows and Kurkov,18 which
is dominated by turbulent diffusion.

Premixed Combustion
To investigate different dissipation models, combustion of a pre-

mixed hydrogen-air supersonic flow in a ramped duct is consid-
ered. The geometry and inflow conditions are illustrated in Fig. 1.
Hydrogen and air are mixed with a fuel equivalence ratio of 3> = 1 at
the channel entrance. The calculation is performed with a one block
grid consisting of 180 x 110 volumes. The temperature is increased
significantly above the ignition threshold by the viscous layer along
the wall and the shock that is induced by the ramp at the lower
wall. This case is chosen because results of other researchers1'19"21

are available, among which is the solution of Yee and Shinn,20'21

who used a TVD shock-capturing scheme. Figures 2-4 show pres-
sure profiles in different planes away from the lower wall. In every
figure results of five calculations are presented that are obtained
using different kinds of artificial dissipation. In general the amount
of artificial viscosity is reduced by the matrix dissipation and in-
creased by the TVD sensor [small values of x in Eq. (9)]. Therefore
the calculation with scalar dissipation employing the TVD sensor
(X = 0.00001) adds the greatest amount of artificial viscosity. The
other extreme is the matrix dissipation with the standard sensor
(X = 1) that adds the smallest amount. The two calculations without

Fig. 1 Geometry and inflow conditions.
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Fig. 2 Pressure distributions at the plane y = 0.13 cm away from the
lower wall.
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Fig. 3 Pressure distributions at the plane y = 0.29 cm away from the
lower wall.
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Fig. 4 Pressure distributions at the plane y = 0.42 cm away from the
lower wall.
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lower wall.
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Fig. 6 Pressure distributions at the plane y = 0.29 and y = 0.42 cm away
from the lower wall.

the TVD sensor show strong overshoots in pressure that increase
with growing distance from the wall. In general these overshoots
are still increased if the amount of artificial viscosity is reduced by
the matrix dissipation. Improvement is achieved using small values
of x to get TVD properties. The overshoots disappear but on the
other side the shocks get more smeared. Therefore the value for x
has to be chosen very carefully. In our investigations we worked
with constant values, but it would be desirable to determine this
value depending on the strength of the shocks to be resolved. In
addition it is important to employ the described matrix dissipation
if the TVD sensor is used. Figure 3 shows clearly that the smear-
ing of the shock is reduced by the matrix dissipation in comparison
with the scalar one. In Figs. 5 and 6 results are compared with

Table 1 Flow conditions for Burrows-
Kurkov combustion experiment

Hydrogen jet Air mainstream
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Fig. 7 Mass fraction profiles of HI and OH for the plane y = 0.13 cm
away from the lower wall.
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Fig. 8 Mass fraction profiles of Q2 and HiO for the plane y = 0.13 cm
away from the lower wall.

those of other researchers. Shuen and Yoon used a non-TVD cen-
tral difference scheme and a detailed 8-species, 14-step chemistry
model. From this calculation only a less critical near-wall profile
is available. The overall agreement with this calculation is quite
good, especially the combustion dominated levels of pressure and
species mass fractions behind the shock wave. The shock resolution
of the matrix TVD dissipation is comparable to those obtained by the
shock-capturing TVD scheme of Yee and Shinn. However, a much
finer grid was used in our calculation to get a grid-independent solu-
tion. The simplified five-species, two-step global combustion model
of Yee and Shinn seems to be responsible for the difference in pres-
sure level behind the shock wave. Still stronger disparities occur
in the composition profiles, given in Figs. 7 and 8. However, our
results agree very well with those of Shuen and Yoon, making the
different chemistry models responsible for these differences.

Burrows-Kurkov Combustion Experiment
Burrows and Kurkov18 conducted a supersonic hydrogen wall jet

experiment including combustion. The geometry of the test section
that is identical to the computed field is given in Fig. 9. The used
computational grid consisted of 2 blocks with 99 x 57 and 119 x 75
volumes. The boundary line between the two blocks is the nearly
horizontal line plotted in Fig. 11 that separates the lower and the up-
per channel part. The grid resolves the lip above the injector, having
a strong influence on the resulting flow pattern. The high tempera-
ture gas stream for this experiment was produced by precombustion
being performed in such a way that the gas, entering the test section,
contained a definite fraction of oxygen and no hydrogen. The condi-
tions for the vitiated airstream and the sonically injected hydrogen
appear in Table 1. The calculation starts 2 cm upstream of the wall
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Fig. 9 Geometry for the Burrows-Kurkov experiment.

H2

Fig. 10 Velocity vectors near the injector.

Fig. 11 Calculated pressure and temperature contours using the
matrix dissipation model.

step where fully turbulent inlet profiles for velocity, temperature,
and turbulence variables are assumed. The boundary-layer thick-
ness of about 1.2 cm is known from experiment. A velocity vector
plot of the region near the injector is shown in Fig. 10. At the lower
and upper corners of the injector lip expansion fans are formed that
are followed by weak shock waves. This is due to the change in flow
direction and may also be observed in the pressure contours given
in Figs. 11 and 12 that are calculated with different matrix dissi-
pation models. For the first calculation the original sensor (x = 1)
is used, whereas for the second one a TVD sensor, (x = 0.00001)
is employed. The oscillations in front and behind of the shocks are
reduced by the TVD sensor, but again the more dissipative behav-
ior results in a stronger smearing. Figures 11 and 12 additionally
show the temperature contours for the lower channel part where
combustion takes place. After a definite ignition length a strong

Fig. 12 Calculated pressure and temperature contours the TVD matrix
dissipation model.
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Fig. 15 Total temperature profiles for x = 35.6 cm.

rise in temperature may be observed. The ignition induces a strong
shock wave that is visible in the pressure distributions. In experi-
ment, ignition was determined from photographs of the radiation18

to take place about 16 cm downstream of the injector. The calcu-
lated ignition length is influenced by the used dissipation model. If
the more dissipative TVD sensor is applied, ignition occurs about
7 cm downstream of the injector, whereas it takes 8.2 cm in the
case of matrix dissipation without the TVD sensor. However, there
was no visible difference within the composition profiles at the end
of the test section. Figures 13 and 14 show mole fraction profiles
from experiment and calculations of different researchers for the
cross section 35.6 cm downstream of the injector. Hsu et al.22 used
a probability density function (PDF) method to account for turbu-
lence chemistry interactions. With exception of this calculation all
profiles seem to be shifted towards the wall in comparison with the
experiment. The better description of physics by the use of PDFs
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seems to be responsible for the improvements in the results of Hsu
et al.22 However, in this calculation global chemistry with partial
equilibrium was employed, and the lip thickness at the injector was
neglected. Therefore ignition already occurred in the plane of the
injector exit and no shock system was obtained. Figure 15 shows
the total temperature distributions. Again our results compare quite
well with the experiment up to a height of 1.5 cm, whereas there
are differences in regions more distant from the wall. The peak total
temperature agrees very well with the experimental value.

Conclusions
Different kinds of second- and fourth-order artificial viscosity

have been investigated. As shown, the amount of artificial viscos-
ity is reduced by the use of a matrix instead of a scalar dissipation
model. The numerical effort for this procedure is significantly re-
duced by the presented decomposition of the necessary absolute flux
Jacobian. Oscillations in front and behind of shock waves are re-
duced using a TVD sensor. Because this sensor is more dissipative
than the original one it has to be handled very carefully and should
be used in combination with the matrix dissipation.
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